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APPLICATIONFRESFONSEFUNCTIONTOCAUXIL4TION “
OFFIUTTERCWWYI!ERISTICSOFA WING
CkRWINGCONCEMTMTEDMASSES
ByH. SerbinandE. L.Costilow
Conceptsinvolvedintheharmonic-response-functionmethod,such
asthedirectorconjugatecharacteristicmodes,areillustratedby
applicationfthemethodtothecalculationfthechsmgeinflutter
characteristicsof a wingdueto addingconcentratedmasses.The*in
purposeofthenumericalprocedureswhicharegivenisto illustrate
thescopeofthemethodandtomakesomeof itsabstractformulations
morespecific,ratherthanto stressthemediate andcurrentpractical.
usefulness.Therigidbodyis’firstidealizedasa pointmass,thenas
a distributedmass.An appendixisgivenwhichcontainsomeofthe
essentialtheoreticalbackground.
INTRODUCTION
Inrecentyeas, a numberofpapersdealimgwithcertainspecial
phasesof aeroelasticity,suchasflutter,divergence,andcontrol
reversalproblms,havebeenpublished.Eachsuchproblemhasusually
beentreatedasa specialcasesothatthereexisttodaya qumberof
procedureswhichhavelittlerelationoneto another.
Therehasbeeninexistence,however,a genersllapproach(refer-
ence1)to aeroelasticphenomena.Althoughtheunderlyingtheoryis
couchedinabstracterms,themethodhastheadvantagesof conceptual
simplici~andphysicalinterpretation;theabstractformulation,in
fact,permitsapplicationto a numberofapparentlydifferentp?oblem.
Engineerswhohaveworkedwithvibrationmountingsrefamilisr
withthesignificanceofthenaturalfrequenciesandmodesofan elastic
systeminreferenceto forcedoscillations.Theresponseofthesystem
toan externslforcecannotbe properlyappreciatedwithoutrelating
characteristicsofthatforce.tothestabili~characteristics(reso-
nances)ofthesystem.Themethoddescribedbelowis simplythelogical
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extensionofthisframeworkof ideastothecaseofnonconservative
forcesasencounteredinaerodynamicphenomena.
.
Themethodoftheharmonicresponsefunctionishereappliedto a
specialproblem,namely,theeffectonflutteroftheattachmentQf a
rigidmasstotheairplane.Specifically,itis sup~sedthata flutter
analysishasbeencarriedoutontheoriginalairplanein n degrees
offreedom.A massisthenattached.Theproblemis: Whatarethe
fluttercharacteristicsofthemodifiedairplane?
Theproblemis importantinairplanedesignbecause(a)massbal-
ancesme frequentlyattachedto a controlsurfaceforflutterpreven-
tionand(b)power-plantchamgesresultintheadditionofconcentrated
weights.
Theresultsofreference2 showedthatinsomeinstancesa Rayleigh
@_peanalysismayshownoflutterwhenamass is attached,whereasamore
rigorousanalysis(basedonthecontinuoussystem)wouldshowflutter.
Theproblemraised,astohowmanydegreesoffreedomaxerequiredfor
a l?ayleightypeofanalysis,isoneofthedifficult,unsolvedproblems
thatdonotfallwithinthescopeofthisreport.
A solutionoftheproblemby meansoftheresponsefunctiondepends
ontheaccuracywithwhichthesystemisdescribedby the n degrees;
infact,themethodofthepresentpaperisexacttothesameetientas
the n degreeeoffreedomdescribethedeflectionsofthesystem
,.!
withandwithoutmass.
Inthecasewheretherearean infinitenumberof degreesof free-
dom(asisthecasefora continuousstructure),themethodofRayleigh
approximatesthemotionofthesystemby restrictingthemotionto a
finitenmiberofdegrees.Ifthesefinitedegreesarechosento favor
therepresentationofthesystemwithoutmass,thentherepresentation
of thesystemwithmasswillbe lessfavorablebecausethemasswill
introducediscontinuitiesn shearwhichnormsllywouldnotappearin
anyoftheapproximatingmodes.
Thereforejforcontinuoussystemsonemsyexpecthata represen-
tationoftheoriginalsystembya finitenuniberof degreeswillnot
servesowellforthesystemwitha concentratedmass. However,the
presentanalysishowsthattheresultsofthisapprotiationyieldas
favorableresultsashavebeenobtainedby themoreconventionalmethods
of analysis.
ThisworkwasdoneatPurdueUniversi@underthe
withthefinancialassistanceoftheNationalAdvisory
Aeronautics.
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SYMBOLS
abscissaofwingelasticaxismeasuredfromwingmidchord
point,positiverearward, inunitsof
realpartof
coefficients
?q
of inertia-plus-aerodynamic
intensityfactor(seetext)
~
semichordofwing
imaginarypartof xl
coefficientsof elasticvirtualwork
‘r yrbrsxs
r,8
intensityfactor(seeteti)\
constant
b,
virtualwork
distancebetweencenterofgratityofattachedmassand
elasticsxis,~sitiverearwsrd
directcharacteristicmode(normalized)
conjugatecharacteristicmode(normalized)
bendingdeflectionfwing
torsionaldeflection’ofwing
J
smplitudeofoscillatingforce
directfreemode
conjugatefreemode
.
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momentof inertiaofattachedmass,relativeto elasticaxis
momentof inertiaofattachedmass,relativeto itscenterof
.
gravity
constant
numberofelasticdegreesoffreedom;semispsn
attachedmass
numberof degreesoffreedom
amplitudeofgeneralizedforce
generalizedforcecorrespondingto ~
smplitudeofoscillatingtorque
free-streamveloci~;fluttersyeed
flutterspeedwithzeroattachedmass
.
‘r = ‘qr/$
virtualwork
directmode (xl, l . ., %) /
conjugatemode (Yl> l “ “> Yn)
directcharacteristicmode(nonnormalized)
conjugatecharacteristicmode(nonnormalized)
displacementofa pointofthesystem
displacementofreferencepointonmass,positiveina
directionoppositeto x
bendingstiffnessofwing
torsional8tiffne88ofwing
.
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F’=(& 132,l l l, ~n)geometricparametersdefiningx
e torsionaldeflectionfwing,positivenoseup
5
e’ XSX deflectionfbody,positimoppositeto e
.
~ = (wr/aF ,
% characteristicnumber
v d- index ~
E spanwisecoordinateof
E.= scalarcoefficientof directcharacteristicve tor.
W scalarcoefficientof conjugatecharacteristicve tor
(1.) frequencyatflutter
% frequencyof spring-mountedmass
% bendingfrequency
% referencefrequency
% torsionalfrequency
HARMONICREsl?omlilFUNCTION
In accordancewithpractice,thedeflection
initialpositionof equilibriumisdescribedby
.
fa systemfromsome
n coordinatesxl,
% “ “ “2 %“ Someofthesesymibolsmayrepresentrigid-bodydisplace-
mentsofthesystemofnonelasticdisplacements,suchasfreecontrol-
surfacemotions.Thesearecalledfree-bodydisplacements.Theothers,
tivolvi.ngelasticdeformation,arecalledelasticdisplacements.
Thesetof displacementsxl, @ . -
specificwaymsybe convenientlyregsrded.
reference1 isessentiallya geometricalthee>.
conceptof displacementsandforces.
~ srrangedinany
?ctor.Thetheoryof
basedonthevector
./.
-. –. —. --— ———- -——- - -———
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Inaccordancewithclassicalmechanics,theselectionof coordinates
definesa systemofgeneralizedforcesQl,- Q2;. . .,
workperformedinmovingtheseforcesthrougha virtual
xl ‘Yl> X2=Y2> ”””> ~=yn isgivenby
W=y1Q1+y2~+. **+Yn~
‘I!hesymbolontherightisconvenientlyregardedasan
ofthetwovectors (7= Yl) Ygy”””) yn)aud ~=
%) w ‘itten(~)~)”
~ so thatthe I
displacement
(1)
Nowsup~sethesystem,hereanairplane,is subjettedto a system
ofharmonicforcesandletthesymbolsql, q2>“ “ “)qn nowrepresent
theamplitudesofthecorrespondinggeneralizedforcesandlet xl,
+>”””>% representthecorrespondingamplitudesofoscillation.
equationsofmotiontaketheform
%xs - %2 ~ %8X8 + qr= 0 r =1,2, . . ..n (2)
wherethematrix&’(ar8) isthematrixofaeroac -plus-inertia
forces,~ isa referencefrequency,and ~2(brs) isthematrixof
elasticforces.Thecoefficients%. dependonthereducedfrequency
k=$, whereb isa referencelength(usuallythesemichord)aud v
theflightspe-ed;thecoefficients~s areobtainedfromaerodynamic
_sis ofoscillatingflow.
Dividingequation(2)by a# andreplacimg(m@)2 by X and
I 2 by Wr,one-qra) hasthesetofequations
.
—— — ——— —-..
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Whentheexternalforcesarezero,then Wr = O for r = 1,2, . . .,n
andthenonhomogeneousset(3) is replacedby
X %s’s - ‘ Zbrsxs = 0 (4)
s s
The
zerosof
valueof
one,&
characteristicvalues~ associatedwitheqution(4)a’ethe
thecharacteristicdeterminant1%s- kbr81.To eachsuchzero
~ thereareassociatedtwoch&acteristicvectorsornodes,
= (xl’, . . “J %’) calledthedirectcharacteristicmode,and
( )theother,~v = ylv,. . .,ynv calledthecon@gatecharacteristic
mode. Thedtiectmodeisa solutionof equation(4)with X = ~
s s
whereastheconjugatemodesatisfiesa
.
FYI?’4?S- h~Yr’brs =0
r r
ThevectorsV and ~v arenot
scalarmultipleofthesevectorswould
r=l,2, . . ..n (5a)
similsr set of equations
s=l,2j. ... n (%) “
defineduniquelybecauseany
alsosatisfyequations(5a)and
(%),respectively.Intheresponsefunctionintrodu~edbelowya-
%ormalizationfactorllappesrswhichmakesitimmaterialwhichsolutions
of equations(5a)and(%) areused. Thisfactoris
B(~V,%’)
andrepresentsheworkdoneby
= z yrv’r-x8v
r,s
(6)
theelasticforcessetup inthedefor-
mation~ whentheseforcesares@jectedtothedisplacementV.
men ~s = a8r ~d ‘r8= b8r,theSystaisconservativeand
thevectors%’ and ~v ~ be takenas identical.Aerodynamicsystems
arenonconsemtiveingenersl;thedifferenceb tweenthevectors_?#
— ——..+..-. .—— .. ..— —. ———-
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and ;V, whenthetwovectorsremadecomparableby choosingthesame
componenttobe unity,isthereforeassociatedwiththeenergy-absorbing .
orener~-producingcharacteristicofthesystem.
Incase ~ ispositive,~ representsthedeflectionofthe
systemwhenvibratingatthefrequencyo = %/W” men ~ is not
positive,themode? issometimesregardedasa similardeflection
ofthesystem,modifiedby a suitabledampingcoefficient.
Onemay,onthebasisof equation(5b),regsrdtheconjugatechar-
acteristicmodeasthedirectcharacteristicmodeofa hypothetical
systemwithcoefficientmatrices%8’ and brs’ whicharetheadjoints
oftheoriginalmatrices~~ and brs,respectively.Anotherinter-
pretationoftheconjugatemodeswillbemadebelow.
.
Theharmonicresponsefunctionisthedeflectionfthesystem
undertheactionofharmonicexternalforcesrepresentedby WI, W2)
l .
“J Wn. Theresponsefhnctionmsythenberegardedasthedeflec-
tionoftheairplaneinflightundertheactionofvibrators.Theuse
oftheresponse-functionc cepthasbecomeincreasinglyimportantin
recentyearsbothinflight-testing,as isdoneforclassicaldynamic
stability,andintheory(reference3).
Theharmonicresponsefunctionmaybe expressedasthesumof
(a)theresponseofthesystemas a freebodyundertheactionofthe
etiernalforcesand(b)thesumoftheelasticrespo~esineachdegree
of&eedom. Theresultderivedinreference1 stateslthattheharmonic
+
responsex is .
(7)
Heretheinteger2 representshenumberof distinctelasticmodes;
thatis, n - 2 isthenuniberof independentfree-bodydegreesof
freedom.me vector~z+l isthefree-bodyresponsereferredto in
lForthebenefitofthereaderwhodoesnothaveacces’sto refer-
ence1, a derivationf equation(7) hasbeenincludedinappendixA.
—. —. —. —.—— ——-–—
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item (a)
vectorO,
.
The
.’
above;thetermsinthesummationarethedirectcharacteristic
eachappearingwitha scalarcoefficient
—
\ —,
=(b-
denominator
thefrequencyofthe
(8)
X)B(~v)?v)(~ - k)~yrvbraxsv
r,s
fthiscoefficientcontainsa termdependingon
forcingoscillation,that
L
is,
andisoftheformofa magnificationfactornormallyappearinginthe
theoryofvibrationinonedegreeoffreedom.
Thenumeratorin equation(8) representstheworkfedby the
externalforcesintotheconjugatemode. Hereliesthe
theconjugatemode;theintensitywithwhichthedirect
intheresponseisp~ortionalto=~absorbedby
——
.— —
mode,notb~ the—~ectmode. Thisshowsthatthetw%
—.
couplingsdue% zo~degrees offreedomistobe
relationofthesede~eestotheconjugatemodesofthe
ADDITIONOFA POINTWX3S
importanceof
mode?’ appears
=cofiugate
~%e ofthe
foundfromthe
originalsystem.
Consideranairplaneflyingat speedv. Supposetht a complete
fluttermalysishasbeenmadesothatthefollowingdataareavailable:
Thecharacteristicnumbersk;,thedirect’modes?, andtheconjugate
modes3V* ‘ “
Nowsupposethatata pint P oftheairplanea co~entrated,
harmonicallyoscillatingforceFeM isapplied.Let x represent .,
thedisplacementofthepointP inthedirectionof”theforceF.
Then,withintherangeofMneaity,-
,!).
X=P1X1+P2X2+. *. +P&
—. -. _._——__ . . . . .... . .—.—.——
---- ——
–-.~-——-——- – — —
10
where PI)
tionmaybe
NACATN 2540
.
.
132,l . l, Pn aresuitablegeometricconstants.Therela-
convenientlywrittenas an innerproductofthevector .
+.P = (PI;132,l l ., Pn)andthevector
(?)4x= ,x
(Let ~= ql, . . l, ~) represent
+
x= (xl) %> “ “ “~ %)
(9)
thevectorwithcomponents
correspondingt~thegeneralizedforcesdevelopedby theexciting
forceF. Inorderto obtainthecomponentsof ~, considerthework
developedby theforceF undereachofthevirtualdisplacementsbx~,
8+, . . ., 8%. Eachsuchvirtualdisplacement5% resultsina
displacement13r6~ ofthepointP, accordingto equation(9); there-
foretheforceF doeswork
Theharmonicresponse,
by a
more
P by
mass
F13r5~.Hencej
equation(7), yieldsforthedeflectionx
(lo)
TheforceF may,forinstance,be theinteractionforceproduced
massmountedontheairplsneatP. Inordertomaketheresults
general,supposethatthemass m be connectedto theairplaneat
a spring(fig.l(a)).Let ~ representthefrequencyofthe
onthespring,P heldfixed.ThenthedeflectionX1 ofthe
endofthes~ringunderthereactionF is
(IL)
— — .—— —————
.–—.- — --
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Since x = -x’,comparisonofequations(10)and(n) gives
Dividingthroughby F/c@,
.
Iq -
Inthecase
isreplacedby
Incasethe
infiniteandthe
wherethere
(12a)
sreno freemodes, 2 = n, andequation(12a)
massisrigidlyattachedtothepointPj
term &’/~2 iszero.
Considerthecaseinwhichthemassisattachedwith
(12b)
q is
a springto
thewing. Suppose,inaddition,thatthedeflectionfthe@g is
describedby twodegreesoffreedom,onebendingandrepresentedby
fh(~),andonetOrSiOn representedbyfa(~).men if ~ represents
thechordwisecoordinateofthepointP relativetotheelasticaxis,
positiverearward
(13)
Theright’sidesof eqbtions(12)arefunctionsonlyof v/ub smd
u/q . Henceequation(12)maybe solved,inprinciple,for m and
u?/uo2foreachvalueof v/ub. Inpractice,itappearsdesirableto
carryoutthesolutionby a graphicalconstruction.Inthisprocedure,
oneregardstherightsideofequation(12),foreachvalueof v/uh,
-.— . —-——..-.- .—-—
..—.——- .——-—. -———- -—-—
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.
asa functionoftherealparameterA = ~2\&. Thefunctionisplotted
inthecomplexplaneandtheabscissaof intersectionftheresulting
plotontheaxisofrealsisequalto
.
++a)=i(-,+is) (14)
forwhichflutterwilloccur.ThepsrameterX attheintersection
definesthefrequencyof flutterandthevalueof m correspondingto
equation(14)themass”requiredtomaintainflutter.As inconventional
practice(reference4),themassistobe interpretedasthenondimen-
sionalmass m/fipb3.
Thegraphicalconstmctionisfacilitatedby notingthateachof
thesummandsinequation(12)hastheform c/(Xl- k)where c isa
constantand Xl isa characteristicvalue.Both c and Al= al+ ibl
arecomplexnumbersingeneral.A plotofthefractionc/(Ll- X),with
A a realparametervaryingfromminusixu?i&tytoplusinfinity,yields
a circlepassingthroughtheoriginofthecomplexplane.Toconstruct
thecircleinthecomplexplane: ‘
(a)Formthediametralvectorc/ib anddrawthecorresponding
circletbrou.ght eorigin(fig.2). Thediametralvector epresents
thecomplexnumberoflargestmodulusgivenby c/(al+ ibl- A)j
attainedwhen X = al.
(b)Givea senseto thedirectionofmotionaroundthecircleas
X variesfromminus
If bl >0, the
If bl <0, the
infinity toplusinfinityaccordingtotherule:
circleistraversedclocMse
circleistraversedcounterclockwise
(c)Calibratethecircle.Referringto figure2,useanyconvenient
scale,lsyoutdistanceIbllalongthediametral.vector,anddraw
linePPperpeqiiiculartothediametralvector.Givethesamesenseto
pointsonPP ashasbeenestablishedonthecircle.TopointQ,attach
thevalue X = al. To anyotherpointQ’onlinePP,attachthe
value1.= al* IQQ’1,where ]QQ’1is-thedistancefromQto Q’
measuredtothescalechosenabovefor bll,andtheplusorminus
signis selectedto correspondwiththesenseof increasingor decreasing
valuesof k. DrawtheradialvectorfromtheoriginthroughQ’. The
valueof A atQ’isthenattachedtotheintersectionR oftheradial
vectoronthecircle.
,.
.——
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Theprocedureiscarriedoutforeachconstituentoftheresponse
function. TheresultingvectorsOR,correspondingto thesamevalues
of A, sreaddedvectoriaJ3y.2 Thelocusofthesuminthecomplex
planeisa plotoftheharmonicresponsewhichappearsontherightside
of equation(12b).
TheanalysisdescribedaboveisillustratedinappendixB.
ADDITIONOFA DISTRIBUTEDMASS
.
Intheprecedingsection,themassw~sregsrdedas
a point;thatis,themomentof inertiaI ofthemass
concentrated”in
relativeto its
centerofgravityiszero.Inthissection,$Jeequationcorresponding
to equation(12)butfora didributedmass(I# O),rigidlyattachedto
theoriginalsystem,willbe derived.
Therearenowtwoconditionsrequiredthatthedeflectionfthe
massandthesystembe compatible.‘TWOequationsof compatibilityare
thereforederived.
Iftheoriginalsystemis describedonlyby twodegeesoffreedom,
thentheaualysisofthemasseffectas describedbelowisnota con-
venientdevicebecausetheconditionsof compatibilityareequalin
numbertotheoriginalequationsofflutter.Ontheotherhand,ifa
largenumberof degreesoffreedomwererequiredto describetheorigW
system,thenthenumericalworkrequiredtotreatthetwoequationsof
compatibilitymsybe significantlylessthana reworkingoftheentire
flutteranalysisto includethemasseffect.
Inordertomake.theanalysisdefinite,supposethemassisattached
to anairplanewingwhichcanvibrateonlytransversetotheplaneof
thewing.Let Pbe a pointcomon’tothebodyandmass(seefig.l(b))
and
x ver’ticsldisplacementofwingat~
x’ verticaldisplacementofbodyatP
e torsionaldisplacementofwingatP
e’ torsionaldisplacementofbodyatP
Thesignconventionis suchthat x’ and 19’arepositivein directions
oppositeto X md e.
2JnordertoperformthevectorialadditiongraPhical.Jy,it i’s
desir~lethattheindividud-circles,andthereforethediametralvectors,
be drawnto
—.—
thesamescsle.
— ..—. — . ... ——~ -— ..—— _ —--- —— .. —... .—— -—-- -- .—–—
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Therearenowgeometricparameter6
~ and 32 suchthats
x. (3 )1,>
()e = -p,?
AtpointP, applya harmordcforceF andtorqueT. Let
‘F) ~ verticaldisplacementsofwingatpointP dueto F and T,
respectively
‘F)‘T torsionaldisplacementsofwingdueto F and T,respectively
X’F,X’T verticaldisplacementsofbodyatpointP dueto
amd T,respectively
8’F,8’T torsionaldisplacementsofbodydueto reversed
respectively
Undertheactionof F, theforcingvector% is %’
T2Undertheactionof T,theforcingvect~r‘~ is -v% .
reversedF
FWT,
Therefore,
.>
(15)
%n theparticularcaseconsideredhere,ofwingbendingandwing
(
torsion,B1= ‘h(~),e&(E)) ad &’=(o,f=(E)).
.
.
,.
——. .—._ _ —.—
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Theconditionofco&patibili~resultsina pairof simul.tsaeous
equations
XF + XT‘+%+%?’=O }“ (17)eF+eF’+&f’+e~=O
Theseequationscambe expressedintermsofthecharacteristics
ofthewingandmassby stistitutingfromequations(15) and(16).
Restrictingthediscussion,forsimplicity,to thecasewherethereare
no freemodespresent(Z =“n),onehas
wherethefactorl/@ hasbeencanceledout.
+
}( 8)1
1]1-—T
-.—. .---. — .-—-- .—. — — ..— —.+ ——. . _.. —___ .—. ——. —.–. -
16 NACATN2540
Let A representthedeterminantofthesystem(18):
.
A= I
.
where
Thentheconditionfortheexistenceofa nontrivialsolutionof equa-
tion(18)reads
Itwillnowbe
andthatthedirect
A=O (191
assumedthatthematrixbrs isthetit matrix
andconjugatemodeshavebeennormalizedsothat
B(~V,~)= 1 -v = 1,’2 (20)
Theseassumptionsrepresentno additionallimitation.
.
.. —.—— — ———. — —.— — .. —.. —.—. .
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In viewofequation(18), theexyansionofthedetenktnantA
becomes
17
.
be
v-
-1
——
T mI
1
(X2-A) +
be
-— —
T Y
Thefirstthree termsmaybe simplifiedasfollows:
% b -(?,P)(F$2)-(?F)(FW-)
=
%%22 -(3’,?’)(32,=)-(?,q(i%q
(?1,2) o (w’) (39)
=
o (P,?’)x(w’)(?>39
(a)
= o (22)
inviewofthevsmishingofthesecondeterminantintheproduct.
— .— ——. .— — —.. .—-. -—
__ .._ .——. ... ——— ———
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ShlilarlyI%*I =o. Also,
Au
‘“1‘1’ Bu ~ (W’)(w+w’)w’) (’%’,?’)(%=)(3W’)(W+~B BpJ~ = (?,F9(B’,=)($-w(w)+$w9(m’)w’)(~’m
.
.
[ o (wi’)1-IF?) (F&l(?,3) (F’;%) (F,?+(?2,%) @’,*)
(k=) (l’%)II~(%,34(Hi!)@’,*)(w;#)(w’)(3’,3’)
2
1311L3’1
tyP“
Fromtheorthogonality
(equation(20) andin
tobetheunitmatrix,
property(appendixA)
-
(23)
andthenormalization
matrixB hasbeenassumed
1
1
0
0
WA TN 25ho
Therefore,
xl%12
X2
1 X22 IIYil Y12x =Y21 Y2=’
,=
Hence;
. Finally,
be 1
=- =
I I
’12
%22
10 I=101
!321
$22
2
(24)
.
Combiningequations(21)to (24)andmultiplyingthroughby ~, the
equationofflutter(19)becomes ‘.
.-
-1
“LIL+
., (25)
,
—----— .- —-—- --—— ---—- .—. .._ _
.
——— —
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Thefirsttermontherightmaybe separatedintopartialfractions
combinedwiththesecondandthird.Equation(25),somodified,has .
sameformas equation(12b) forthecaseinwhichw isinfinite
(rigidattachment). Thereforethegraphicalsolutionof“equation(12b)
isdirectlyapplicableto equation(25).
Sucha graphicalsolutionisillustrated,forthenumericalexample
discussedabove,infigure2(b).
NUMERICAL
Themethodoutlinedhasbeen
ILHJSTRATION
appliedto obtainthefluttermeeds
underfigure4 ofreference2. Heretheweightisattachedat “
e = 0.500forvariouspanpositions.A detailedcalculationis
p~esentedina~endixB. Theresultsofananalysisrepresentedin
figures3 to ~.
Thespecificmassadditionwithwhichthisreportisconcerned,
thatis, A = 357, iSrepresentedby a horizontallineinfigure3.
mpb5
Theintersectionat eachspanpositiongivesthecorrespondingvalue
of -& atwhichflutterwilloccur.Forthesevaluesof -& the -
valuesof X aredeterminedfromfigure4. Table1 contafitheMues
of
z
and 1.readfromthesecurves.
Figure5 wasplottedina formcomparablewithfigure4 ofrefer-
ence2. Howemr,thedefinitionf V. differsfromthatofrefer-
ence1. Here V. istheflutterspeedofthewingwithoutattached
massaccordingtotheoryortestasthecasemsybe. Thecurveswhich
srebeingcomparedsre ()
v
()
v
~
and .
theory ~ test ,
Figure6 presentsa comparisonfthereducedflutterspeeds
obtainedby themethodofthisreportandreference2. Figure7 shows
a compariso~ffrequencyratios.Inparticularitis shownthatthe
effectof I, inthiscase,is small.
Theeffectofflexibili~ofthesuspensionisconsideredin
appendixC.
PurdueUniversi&
kfsyette,Md., July20,1950
.
—— ——z ._..-—- ——.
NACATN 2540 21
APPENDIXA
DERIVATIONOFHARMONICRESPONSEFUNCTION
Inthefollowingparagra~hs,a derivationfequation(7)iB
presented.Thisderivationisbasedupona numberofassumptionswhich
arediscussedinreference1. Theysre:
(a) Let3and2’
vectorsassociatedwith
(b)Let~and~
that
representdirectandconjugatecharcteristic
a givencharacteristicvalue.Then,!
be free-bodydirectandconjugatevectors5such
DCbrs = o’
r
Then,foreachvector~, thereisatleastonevector= suchthat
(c)ThecharacteristicdeterminantI~s - XbrsI doesnotvanish
identically.
Considerthecharacteristic-valueproblem
E%3xs - A ~brsxs = O r =1,2, . . ..n (Al)
s s
%%3.sconditiontakestheplaceof‘positive-definiteness”ofthe
energy,requiredintheanalysisofconservativ~q%tems. Thenormal-
izationconditionassociatedwiththevectorse and ~ Is introduced
below.
%ectorsdefiningmotionswithzeroelasticpotentialenergy.
——— -———— ——. --
———— ——.—— ---
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Equations(Al)representthebalancingbetweenthe
aerodynamicforcesrepresentedby thematrix~s
inertia-plus-
andtheelastic
forces,representedby -X(IWS) developedinthemode
*X=X1)X2)...)%.
Anotherinterpretationofequations(Al)isobtainedbymulti-
plyingthertheqhationbyyr tidsummingon r..Thevector
3 = Yl,Y2, . . .,yn representsa .virtualdisplacement.Introducing
thenotation,
(J&?)
J
onemaywritetheresultintheform
forallvaluesof y. Inthisform,theequationof dynamicequilib- .
.
riumstatesthatthesumoftheworksperformedby theinertia-plus-
aerodynamicforcesandelasticforces,when&i@laced-.overanaribitr~
virtualdisplacement,iszero(d’lil.embert’sprinciple)..
Inthespecialcasewherebrs istheunitmatrix,
Then B($,~)willrewrittensimplyas (7,%).Inthiscase,
B(~,%)= (~,~ hastheinterpretationas an “innerprod~c$”between
twovectors~ and =. Intwoandthre~Mmens&ons,(y,x) isthen
equaltothepr’oductofthelengths.of k and y by thecosineof
theincludedangle.Inthecaseofarbitraryvaluesof brsj a similar
interpretationwfllbe made;thatis, B~,~ Willbe regardedasan
inner-productbetw~ntheconjugatemode ~ andthedirectmode ~.
Further,~ and x willbe orthogonalwith.regardto ha if
(A4)
.
.
. .
‘.
— -..——
,.
.
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It istobe emphasizedthat,inusingthisconceptofan inner~roduct,
thedirectvectormustappear@ thesecondargumentandtheconjugate
vectorinthefirstsrgment.
SimilsrlyA(~,~)definesan inneryroduct.It,isconceitile
thata vector~ maybe orthogonalto % withresljectto brs but “
notorthogonalwithre~ectto ~. andviceversa.Butequation(A3)
statesthat,if ? = ?1 isa directcharacteristicmodecorresponding
to a characteristicrootX,=Xl,.then
(A5)
forallvaluesof ~. Therefore,if ~ isorthogonal.to %1 with
respecto hr., thentherightsideofequation(A5)iszeroand
soalsoistheleft;then~ isorthogonalto %1 alsowithrespect
to A..
One may,along
—
~ yr%rs
L
Multiplying the sth
equation(.3)which
Since 1.= Xl isa
withequations(Al),considertheset
.A~Yrbrs=O s = 1,2,
r
equationby xS.sadsumm@gon
mustbe satisfiedforarbitrary
characteristicrootofequation
. . ., n (A6)
s, onehasagain
valuesof.?.
(A6),itfOnOws
thatthereisa nontrivialsolutiony =~1’ ofequation(.6)for
h = h~. Therefore,analogousto equa~ion(A5), -
forallvaluesof Z
Whereasintheclassicaltheoryof conservative
vectors@’ and ~ maybe takenas identical,the
(A7)
systemsthe
nonconservative
characterofaerodynamicforcesrequiresthat%1 and *P be treated
separately.
Let~~ be anarbitr~ vectorrepresentinga dtiectmode. ‘lhen
resolvex intocogyonents“parallel”andorthogoml.withreference
to brs, to %. Thatis,decompose~ intheform
— _—...-—— .-— .——
~ ——
..—.—.—.— —
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where
Sucha
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E is a SC* aid32) is suchthat ‘
decomposition
B(~,%2)) = O (A9)
ispossiblebecausequation(A9)isequivalentto
(Ale)
. At thesametime,onemsyresolw ~ intocomponents,parallel
andorthogonal,withreferenceto brs, to %1.
,
(All)
.
.
B($(2),@)= O (A12)
(A13)
()SinceB ?l,~ # O (Assumption(a)),onemayassume,forcon-
venience,that
()B ?,%l=1 (A14)
a condition(“normalizationc dition”)‘whichmaybemetbymultiplica-
tionof %1 or @ by a suitablychosenscalar.
Theorthogonalityrelations(A9)and(A12)withresyecto brs
imp- orthogotiitywithrespecto ars, as statedabove,
(A15)
.
— —— ———
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+’2’?4=o
sothatthereiszerocouplingbetweenthefirst
andtheorthogonalmodes.
characteristic
25
(JU6)
modes
Inviewofequations(A9),(M), (A15),and(~6), @ and ~
areparticularlywell-suitedforthis-constfiction”ofa-setof coordinate
vectors,oneforthedirectmodesandonefortheconjugatemodes,with
referencetowhich A(~,%)and B(~,*)takesimpleforms.For,
Similarly,usingequation(A14)
(u8)
Substituting~ =~ in equation(A5)andusingequation(A14),
andequation(A17)takestheform
(A19)
‘(A20)
Invirtueoftheorthogonal.i~conditions(J@)and-(A12),the
+(2) ~ 32)
vectorsx eachhave n - 1 degreesoffreedom.Every
~lue of ;(p)
maythenbe representedasa linearcombinationf
- . .————. . —— . ..——..— — — -——.
__ .-—. .—- .. . —
n- 1 mctim P, P2,
bination of vectors ~,
written
and an erbltrary mode ~
-,
!,,
,1
pJn-l. Similaxly, every value
R “: . ., ~Jn-l. Then an arbitrary
With the aid of equations (A18)and(MO),equation
‘(2) is a linear COIW Nof y m
direct mode ~ my be
Putting the coefficLsnta of ql and q2,r equal to zero, a set of linear equations
~ El ad 52,r is obtained. The characteristicequation is now
[
1 ~ k &%l,2%~ . m&J&,~) &,l,2%+l - x&Jl,?%~ ::: j~,l,%,n-~ - w(w,l,=}n-l)
o . . . . . . . . . . . . . . . . . . . . . ..$. . . . . . . . ...”’... . . . . . . . . . . . . . . . . . . . . . E
0 A~n-l,%~l) - ?J@%n-$%$ . . . . . . A(?,n-’,?,n-~- ?B(p@-’,%@-$ ;
g
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It cannowbe seenthatthecharacteristicrootsoftheorigW
problemin n degreesareidenticalwith Al togetherwifiWe set
ofthe(n-
(
1)-de eeproblemcorres~ndingto
) - @p);(P)).A3(2),~2
Sincetheassumptions(a)to (c),assumedvalidforthen-degree
problem,holdforthe(n - 1)-degreeprobla,onew continuethe
reduction.Namely,to a characteristicroot ~ ofthecharacteristic
~(2)fi(2))-~(~2)fi(2))thereis.determinantassociatedwith Ay .
a directcharacteristicmode e‘2 anda conjugatecharacteristicmode ?2.
Assumingthattheyarenormalized,
=1 ‘“
thenitispossibleto resol= =(2)
The
‘W(3))=0
‘(2) h theformsand y
B($(3),&) = “
At thesametime,
4J+ 2),3(2)) = ?u272~2+ A~(3),3(3]
B@(2),%(2))= q232+ 13(f13),~(3))
characteristicequation
I
‘1 -Lo
o b -h
thentakestheform
10
10
. .
. .
0 = l——=- —i————-
. 0
. 0
— ——— —-.——-.. —-————
——. —
__—.— ———— -- - -
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Onemaycontinuethereductionprocess
characteristicequationhavebeenused. If
made n tties,then,
andthe
On
characteristic
NACATN25ho
untilalltherootsofthe
thereductionhasbeen
equationis
~-x o . . . 0
0 X2-L . . . 0
o=
. . . . . . . . . . . . . . . l
10 0 . . . ~-k
theotherhamd,ifafter Z reductionsthecharacteristic
determinantisa constant(#O,by assumption(c)),thenitcanbe
shown(reference1)thatthereducedbrs isthezeromatrix.Hence,
( )+2+1,;2+1 ‘+Ay (A22)
.
.
——— .—..— —.
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Theorthogonalityconditionsprevail:
A@,@) = B(~,?@)= O r # s
A@,~z+l) = 13(~,=2+1)= O r =1, !2,. . .. Z 1(A23)
A(~z+l,%s)= B(~Z+l,&)= O -S– 1,2,...,2
J
Thecharacteristicequationis.
o=
X1-L o . . . 0 I
o L2-L ...0 I
1°
. . . . . . . ..*.. . . . . I
o 0 . . . AZ-A’
-—— ——— _ ———- +–—–
I***
0
.1***
]***
. .}
n- 2
wherethetermsindicatedwithasterisksareindependentof X.
From
szld32+1
With
matterto
theformof anequationof&tual work
thelastset.ofequations(k23), it followsthat ~z+l
srefree-bodymodes.
thereductionshowninequation(A22),itbecomesa simple
solveequations(3)whicharemoreconvenientlytreatedin
forallvaluesof ~.
he orthogonali~describedhereis sometimesreferredto as “bi-
orthogonsd.ity.“ Forindmmcejseereference5 wherethereispresented
a methodof anslysis,similartothatinreference1, forcalculating
theeffectsonflutterof smallchangesinthepsmmeters.
.
—.
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Ehibstitwtingfromequation(A22),
to.allvaluesof qr smdallvaluesof ~2+1. Hence,
and,forti valuesof ~z+l-,
A(~Z+lj%z+l)= (~2+1,%)
Fromequation(A25),
(A25)
(A26)
(A27)
Equation(A26)defbs thefree-bodymotion(elasticdegreesregarded
asfrozen)undertheactionoftheexternalforcesandmaybe reduced
to a setoflinearequations.Substitutingfromequation(A27)to
equation(A22),
In case
canbe shown
(A28)
—L
thenormalizationcondition(A2.4)doesnothold,thenit
thatequation(A28)ismodifiedas showninequation(7).
.
.
—.-—- —--————..—
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APPENDIXB
SAMPLECAiXUIATION
Inthisappendix,a samplecalculationiscsrried
exsmplediscussedinreference2. Thecaseconsidered
%7=-0.500and
Theflutter
accordingtothe
~o =m (rigidattachment).
HomogeneousSolution
outforthe
correspondsto
determinanttobe solvedintwodegreesoffreedom,
notationofreference3,pages62to 63, is
IllAB au - X.bU a12= = oDE % %?2- Abz
Fora wingwi%hthefollowingproperties:
.
Chordjft.. . . . . . . . . . . . . . . . . . . . . . . . . . 2/3
Lengthjft. . . . . . . . . . . . . . . . . . . . . . . . . . “~
Aspectratio.. . . . . . . . . . . . . . . . . . . . . . . . 6
Taperratio . . . . . . . . . . . . . . . . . . . . . . . . 1
Airfoi,lsection. . . . . . :. . . . . . . . . . . . . . &A16-010
y,SMl&3/ft . . . . . . . . . . . . . . , . . . . . . . . . . 0.02702
~slug-ft2/fi . . . . . . . ..o. . . . . . . . . . ...0.00080
. . . . . . . . . . . . ..O . ..OO . . . . . .0
-o.I_26
:I,”li&2. . . . . . . . . . . . . . . . . . . . . . . . . .
GJ,lb-ft2.. . . . . . . . . . . . . . . . . . . . . . . . .
977.08
480.56
m, slugs.. . . . . . . . . . . . . . . . . . . . . . . . . . 0.0988
I, slugs.. . . . . . . . . . . . . . . . . . . . . . . . . . 0.00452
~,radians/sec. . . . . . . . . . . . . . . . . . . . . . . 41.1
~radians/sec . . . .“.. . . . . . . . . . . . . . . . , , 299.6
Theshapesofthedeflectioncurvesinbendingfn(~)andtorsion
fa(~)alongthespanare
‘h(~) (= ~ coshL07; - cos 1.87:)+ 0*73+ti 1087: -‘m@
fa(E) = sing
.. .
—. .—. .—.—. . __ _ . ..-_... ... .. .
__ ——____ .. . .. . ... ..— .
60 -w&t I-l-J
J1 fh2(k)dkn 10
r fa2(E)dE = 20.
r f~(k)ra(~)d~= 1.4U4o
8.33.rwrti k = %2
~“
me valnesol?thetermsinthe
40.3155i) - L(L841762) (-bT6.K102+34.8@Li)
21.277154i) (308.4173u-68.51MIM) -L(52.049~7)
i
Consider as an exemple -& .
determinmrt axe
Solving a
~
% modes
1
I
I
quadratic equation for the basic characteristicvalue L, the values obtained for the
are .
~ = 5.9~2 + 1.0438i
$=49.@~- 2k.25151i
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Enoughinform&tionisnowavailableto computethedirect
conjugatecharacteristicmodesfromthevirtual-workeqktions
T-et
Then,
x:=42u2Y?d=_, a12
y#=&K2!?d=-
L
“’%
1
(-==-)
a12(a22- bb22)
Table2 hasbeen,compiledofallthecharacteristic
computed.
ResponseFunction
Theresponsefunctiondeveloped
- MassAddition
inappendixA when
modes
33
thus:
&us
?xpandedis
.. —.—. —.-————..-—— .—. ..-. —— ———-——— —. ——.
Since yl~ = yv = 1,
.
Considm
computed
fh(3) = 0.659345
Q=(3) = 00461940
Substltitblg,
R ~ . ~.6sso@+ (0.172+3.868i)(0.461940fl10.659345+ (0.175- 0,0757i)(0.46194fl
. .
Al - L (18.6357+ 3k.4883i) +
[0.655045+ (-O.171 - o.0740i)(o.461940~[0.655045+ (-o.oc0405+ o.oo930L)(os461940jl
(~ - h)(l.&317- O.oaloki) .
~ O.036wL9+ O.ooa654i + 0.200690- 0.00193856i
L1-k l+-?.
Kl = 0.036u9 + o.oo2u6s4i
5=0.20%90 -0.031938s6i
NACA 35.
Thevaluesofthe
HavingfoundK1
constantsK1 and
ad ~, thevalues
~ aeshomintiblej.
1of h and’— axe
m/fipb3
determinedas showngraphicallyinfigure2. Thedatac&culatedin
thismannerarecompiledintable1. ‘Forthesecomputationsatural
frequencies% ‘~ foURdiRtestandcorrectedfortheeffect
ofappsrentmasshavebeenused(table4).
.
..— —-—— ———————— -——
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.. AH’ENDIXc
FLEXIBILITYOFMASSSUSPENSION
Thenumericalexample,figures1 and3 to 6, haabeencarriedout
forthecaseinwhichthemass m isrigidlyattachedto thewing.
Theresultsplottedinfigures3 andk are stillvalidifone replaces
m by
Then,fora givenvalueof m, thedataoffigures1 and3 maybe cross-
plottedto givea relationbetween(~~)2 andtheflutterspeedv.
TMs hasbeendoneforthecasewherethemassisattachedat
50-percentspanandtheresultsrepresentedinfigure8. Whenthe
stiffnessofthemasssuspensiondecreases,theflutterspeeddecreases. .
.
——. -
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TABLE1
REm
Em=o;vO=W@S;~= 5.85; L=Uib 3.3
25-percent
S-Qam
50-percent 75-percent
span
100-percent
span
6.65 9.45.9 13.0
6.75 14.1 26.5
90,000
3,400
A 3.7
90,000 90,000 90,000
24,300
156 -
13,400 6,400
IJ6 23.580(D
306
0.98
256
0.82
250
0.80
254
0.815
v
-v
.
.
.
.
——-— . .
TABLE 2
g
@lkJ xv q ~v Yl~ Y2~ B(y~,Xv)
‘1 2.8155 - 0.lk8ki 1.0 0.593- 0.1421 1.0 -2.440+ 6.055i -27.5064+ 201.8602i5.00
L2 51.3996- 1.2.745i1.0 0.00203+ o.@2503i 1.0 -0.0573- o.o140i1.83937- 0.o@92i
~ 23 ~ 3.%61+ 0.09094i1.0 0.345-o.o!394i 1.O -~.w + 5.0761 8.3356+ 96.90191
.
~2 50.5943- 16T438M 1.O O.oolu+ o.ti66i 1.0 -o.og46- Q.oz73i1.8441-o.031@9i
~ 33 ~ 5.9882+ I.okYi 1.0 0.175-o.0757i 1.0 0.172+ 3.8681 18.6357+ 34.4883i
.
k2 49.@l - 24.251511.0 -0.000405+ o.oog30i1.0.-0.in - o.0740i 1.8812 -“o.09104i
~ TL7401+ 2.35621 1.0 0.113-o.06ps 1.0 0.764+3.196i 17.4791+ 16.1315i
10.00
+ 49,919- 31.23C9i1.0 -0.00250+ o.olo5t” 1:0 -0.231- o.138i 1.9470- o.lo92f
\
A1 9.7634+ 4.7’36gi1.0 0.0618- O.ONi i.o 1.296+ z’.5l4i 13.z18+ 4.H54i
12.50“
~ 51.0777-42.2572i1.0 -0.00573+ O.ol.l.li1.0 -0.302- 0.2621 2.0934- 0.09672i
Al u.6265+8.7735i 1.0 0.035: o.04-69i 1.0 1.737+ 1.83i 9.5504-8.7815i
16.67
~, 56.7962-61,0223i1.0 -o.o@54+ 0.010= 1.0 -0,361- o.4$4i 2.2~5+ 0.04928i
TAME 3
VAL~ OF COIWIWTB K1 AND ~
5.@3
-
6.’25
8.33
lo.m
12.30
16.67
L“F”=* +*J
2~-percent ~-pement P m-percent I@n 100-percentspan
5 % %. % .% % ‘ % %
a.mum.,+ 0.004$109- 0.CKmlcm + O.omnlo - O.olmm - 0.2.25415- 0.01913%- 0.531705+
o.om593i O.ocoo%mi0.0w0763931o.o@w&l121i’0.CCQ50WIo.coIaX3io.=6721 o’.00Z?7dl
I I I I I I I
o,calfwi!a+ 0.00414816- o.0@Y377 + O.055w78 - 0.o19@35- 0.2173E%- 0.03@ll - o.m@j -
0.ommku%k o.ooolk2&37io.m321.31i0.00032@5io.m651y6io.@X64a692io.m41w93io.wMc%45i
0.00245659+ o.co33@96- 0.0144031+ 0.0499653- 0.0362119+ o.!m%90- 0,.06U@92- 0.485967+
,,
0.W3EY2E6%I o.oco523%5i o.ooao173i o.c0@a70i O.0a2n654i o.&93%5i o.00314115io.OO3531O9I
o.m310723 + o.a12ca!m- 0.0196925+ 0.0447656- 0.0523EQ5+ 0.1048s - 0.030271.3+ o.45433a-
om0@656i.O.001024i o.c&43070io.co54703iO.w966276i.o cw977027io.olo6246io,oo776097i
0.00387492+ o.oo194353- 0.0267443+ o.03&1415- 0.0753993+ 0.163093- 0.142438-t 0.4-!M13-
0.0C2377541 o.oo2r726u 0.01414991 0.ol.27346i 0.03297941 o.0290mi o.ok82659L o-.o4w97i I
,
i3 NACA TN 2340 41
mm 4
COMPARISONOFCMXXJIAT.ED~ TESTl?lilIQUENClX3
Firstbending(radians/see)
Secondbending(radians/see)
Firsttorsion(radians/see)
Secondtorsion(radians/see)
Calculated
41..6
262
304.4
914
Test
40.5
246
297.2
.----
[
Test corrected)
1)
41.1
249.8
299.6
, 914
%est dataaxecorrectedfortheeffectof apparentmass.
.
.—— —.— _.. —...—.
42 NACATN 2s40
Wing
cl Aduss
(a) Pointmass,elasticallyattached.
F
A’A ~ ‘‘—b ew
-+
c. g’.
I
(%) Distributedmass,rigidlyattached.
Figurel.-Symbolsforrelativedeflectionfmassandwing.
.
.
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(a) Pointmass;Y= 0.
Figure2.. Responsefunction.~ = 8.33;n-percentspan.
allFractionsrepresentscaleof calibratimline.
o.036~9 +o.coa654i + 0.20(%90- 0.0a93856i
5.9882+ 1.0438i- J. 149.6991- 24.251pi- ~ = ‘—*
m/fipb3
L= G.0,~m. s 0.00203- o.0347i; L= 49.7
diam.=0.OM@ +0.00@5i. 1 inch.0.012’forcircles
.
.
- ---—--- —.–— _._. _ ____
—.
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01 *1
P
29
7
.
(b)Distributedmass;~. 0.004~2.
0.052M6+ o.oo795zi + o.191~6 - o.00??g51i
5.9882+ 1.0438i- h 4g.6xI - 24.515i - h = ‘-”
-L= 6.0,aim.= 0.0076z-o.05028i;L =49.7,
diam.= 0.000w4 + 0.007885i.1 inch= 0.018forcircles.
Figure2..Concluded.
——.
J
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(a) Point mass; T = o. “
Figure3.-MELss against reduced speed.
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